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1. (15 points) Let f(x) = x3 + 2x − 3. Find the average rate of change of f(x) over the
interval [1, 2].

Solution: We compute f(2) = 23 + 2 · 2− 3 = 9 and f(1) = 13 + 2 · 1− 3 = 0

∆y

∆x
=
f(2)− f(1)

2− 1

=
9− 0

1
= 9.

2. (10 points) Use the Intermediate Value Theorem to show that x − cos(x) = 0 at some
point x in the interval [0, π

2
].

Solution: First note that f(x) = 2x − cos(x) is continuous on [0, π
2
]. (It is in fact

continuous everywhere.) We have that f(0) = 0 − cos(0) = −1 and f(π
2
) =

(
π
2

)2 −
cos(π

2
) =

(
π
2

)2
. Since 0 is between −1 and

(
π
2

)2
, the Intermediate Value Theorem

guarantees the existence of c between 0 and π
2

such that f(c) = 0.
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3. (15 points) Answer the following questions about f(x). The entire graph of f(x) is
shown here. The axes that are shown are the x and y axes.

−2 −1 0 1 2

−1

0

1

2

(a) What is lim
x→−2+

f(x)?

Solution: lim
x→−2+

f(x) = 2

(b) What is lim
x→−1−

f(x)?

Solution: lim
x→−1−

f(x) = 1

(c) What is lim
x→−1

f(x)?

Solution: lim
x→−1

f(x) = 1

(d) What is lim
x→1+

f(x)?

Solution: lim
x→−1

f(x) = 2

(e) Does lim
x→1

f(x) exist? Explain.

Solution: No, since the left hand and right hand limits do not agree.

(f) Is f(x) continuous at x = −1? Explain.

Solution: No, since the function is not defined at −1.

(g) Is f(x) continuous at x = 0? Explain.

Solution: Yes. The left and right hand limits are both 1.5, which is equal to f(0).

(h) Is f(x) continuous at x = 1? Explain.

Solution: No, since the left and right hand limits do not agree.

4. (10 points) Find a number δ so that every number x in the interval |x − 1
2
| < δ also

satisfies |(6x− 2)− 1| < 1
10

. Note: The definition of lim
x→ 1

2

(6x− 2) = 1 tells you that you

can solve this problem.
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(Hint: Work backwards to find δ. You want |(6x − 2) − 1| < 1
10

, so figure out which
x-values make this true.)

Solution: We have that

|(6x− 2)− 1| = |6x− 3|

= 6|x− 1

2
|

<
1

10

as long as |x− 1
2
| < 1

60
. Thus we can choose δ = 1

60
.

5. (15 points) Let f(x) =
x2

2x− 10
.

(a) Evaluate lim
x→5−

f(x).

Solution: Note that if we tried to plug in x = 5, we would get “25
0

”. That means
the limit is +∞, −∞, or does not exist. For values x near 5 but less than 5, x2

is positive and 2x − 10 is negative. Thus
x2

2x− 10
is negative for such values. It

follows that

lim
x→5−

x2

2x− 10
= −∞.

(b) Evaluate lim
x→5+

f(x).

Solution: Note that if we tried to plug in x = 5, we would get “25
0

”. That means
the limit is ∞, −∞, or does not exist. For values x near 5 but greater than 5, x2

is positive and 2x − 10 is positive. Thus
x2

2x− 10
is positive for such values. It

follows that

lim
x→5−

x2

2x− 10
=∞.

(c) Does the graph y = f(x) have a vertical asymptote? If it does, give the formula for
the vertical asymptote.

Solution: The only possible place this graph can have a vertical asymptote is
where 2x− 10 = 0. That means x = 5. The computations above show that x = 5
is indeed a vertical asymptote.

6. (10 points) Let f(x) =
3x2 + 2x− 13

7x3 + 23x2 + x− 1
.

(a) Evaluate lim
x→∞

f(x).
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Solution: Polynomials are dominated by their leading term. Hence

lim
x→∞

3x2 + 2x− 13

7x3 + 23x2 + x− 1
= lim

x→∞

3��x
2

7x�31

= lim
x→∞

3

7x
= 0

(b) Does the graph y = f(x) have a horizontal asymptote? If it does, give the formula
for the horizontal asymptote.

Solution: Yes. The horizontal asymptote (from the computation above) is y = 0.

7. (15 points) Evaluate the following limits

(a) lim
y→−1

y + 1

y2 + 3y + 2

Solution: Notice that if we plug in y = −1, we would get “0
0
”. That means we

need to do more work. We compute

lim
y→−1

y + 1

y2 + 3y + 2
= lim

y→−1
����(y + 1)

����(y + 1)(y + 2)

= lim
y→−1

1

y + 2

= 1.

(b) lim
x→0+

x+ 2−
√
x

cos(x)

Solution: Since all the functions involved are continuous at 0, we can compute
the limit by just plugging in x = 0. Thus the limit is 0+2−

√
0

cos(0)
= 2

1
= 2.

8. (10 points) For what value of a is

f(x) =

{
x2 + 3 if x < 3,

2ax if x ≥ 3

continuous at x = 3?

Solution: We have that f is continuous at x = 3 if lim
x→3

f(x) = f(3). We compute

lim
x→3−

f(x) = 32 + 3 = 12 and lim
x→3+

f(x) = 2 · a · 3 = 6a. It follows that to arrange that

f is continuous at x = 3, we must have 12 = 6a. Thus choosing a = 2 will make f
continuous at x = 3.
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