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Abstract. We present an algorithm for factoring polynomials over lo-
cal fields, in which the Montes algorithm is combined with elements from
Zassenhaus Round Four algorithm. This algorithm avoids the computa-
tion of characteristic polynomials and the resulting precision problems
that occur in the Round Four algorithm.

1 Introduction

Polynomial factorization is fundamental in working with local fields. In addition
to the irreducible factors of a given polynomial, computer algebra systems that
support extensions of local fields (e.g., Magma [1], Sage [16]) require explicit
representations of the unramified and totally ramified parts of the extensions
generated by arbitrary irreducible polynomials, as these systems represent such
extensions as a tower of unramified and totally ramified extensions. Moreover,
there are many applications of global fields that include the construction of
integral bases, decomposition of ideals, and the computation of completions.

The algorithms [2,4,7,14] for factoring a polynomial ¢(z) over a local field
find successively better approximations to the irreducible factors of @(z) until
gaining sufficient precision to apply Hensel lifting. The algorithms differ in how
the approximations are computed.

Algorithms based on the Zassenhaus Round Four algorithm (e.g. [3,4,14])
suffer from loss of precision in computing characteristic polynomials and approx-
imating greatest common divisors. The Montes algorithm [10, 11, 7, 8] avoids the
computation of characteristic polynomials by exploiting Newton polygons of
higher order. Here the most expensive operations are division with remainder
and polynomial factorization over finite fields.

We present the algorithm of Montes in the terminology of [14] and use the
techniques of the Round Four algorithm to derive a factorization when a breaking
element is found. We also give a complexity analysis.

Notation

Let K be a field complete with respect to a non-archimedian exponential val-
uation v with finite residue class field K = [, of characteristic p; we call K a
local field. Assume v is normalized with v(w) = 1 for the uniformizing element
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7 in the valuation ring Ok of K. For v € Ok denote by v the class v + (7) in K.
The unique extension of v to an algebraic closure K of K (or to any intermediate
field) is also denoted v.

In our algorithm we will be concerned with the first non-zero coefficient of
the expansion of an element in a finite subextension of K/K. We introduce an
equivalence relation on the elements of K which reflects this (also see [9]).

Definition 1 For v € K" and 6 € K~ we write v~ 4 if
v(y=96) > v(v)

and make the supplementary assumption 0 ~ 0. For ¢(z) = Yoo wix’ and
I(z) =iy V:x' in Klz] we write ¢(z) ~ d(z) if

minogign l/((pl — 191) > minogign V(g@i).

Let L be a finite extension of K with uniformizing element 7 . Two elements
v =7 € Land § = dyn’ € L with v(y) = v(dy) = 0 are equivalent with
respect to ~ if and only if v = w and vy = §p mod (7). It follows immediately
that the relation ~ is symmetric, transitive, and reflexive.

2 Reducibility

Assume we want to factor a polynomial ¢ € Ok[x] of degree N. If &(z) splits
into the product of two co-prime factors over the residue class field K of K, say
P(x) = &;(x) - D5(x), then Hensel lifting yields a factorization of ¢(z) to any
given precision. In addition to this classic situation we give two further situations
that we can exploit to obtain a factorization of @(x).

We consider a polynomial ¥(z) € Ok[z] as a representative of an element
in the algebra K[z|/(®(z)) and determine a polynomial xy(z) € K[z] from J(z)
such that xy(9(€)) = 0 for all roots £ of &(x).

Definition 2 Let &(x) = vazl(a: — &) € Oklx], where §; € Kfor 1 < j < N
and J(x) € K[z]. Then we set

N

xo(y) = [ [y = 9(&)) = resa(P(y),y — 9(x)).

i=1

Assume we find ¥ € K[z] such that x4 (y) = x1(y)x2(y) with ged(x1, x2) = 1.
Reordering the roots & (1 <i < N) of &(x) if necessary, we may write

x1(y) = (y = 9(&1)) -+ (y = 9(&)) and xo(y) = (y = (&r41)) -+ (¥ — I (En)),

where 1 < r < N and obtain a proper factorization of ®(x):

b(x) = ged(@(2), x1(9(2))) - ged(@(2), x2(9(2))). (1)
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Definition 3 We say a polynomial J(x) € K[z] with xy(t) € Oklt] passes the
Hensel test if x ,(t) = p(t)? for some irreducible polynomial p(t) € K[t].

If ¥(z) € Klz] fails the Hensel test that is, x¢(y) splits into two co-prime
factors over K, say x (y) = X, (y)x, (y), then Hensel lifting yields a factorization
xo(y) = xl(y)xg (y) and equation (21 ) gives a proper factorization of @(x).

Definition 4 For 9 € K[z] we set v (1) := ming)—o ¥(9(§)) and say the poly-
nomial ¥(x) passes the Newton test if v(9(€)) = v(9(&')) for all roots £ and &’ of
d(x).

If p(z) € K[z] fails the Newton test, the Newton polygon of x,(y) consists
of at least two segments. Let h/e = v}(¢) be the minimum of the valuations
v(p(&)) (1 < i < N) in lowest terms. Then —h/e is the gentlest slope of the
segments of the Newton polygon of x,(y). We set ¥(z) := ¢(z)¢/7" and obtain
v(9(€)) = 0 for all roots £ of &(z) with v(p(§)) = h/e and v(¥(£)) > 0 for all
roots § of @(z) with v(¢(£)) > h/e. Thus x,(¢) splits into two co-prime factors
and the considerations above yield a proper factorization of @(x).

3 Irreducibility and the Sequence (p:(x)),

In the polynomial factorization algorithm we construct a sequence of polynomials
vi(z) € Oklx] such that v(pi41(§)) > v(p:(€)) for all roots & of @(x) until we
either find a polynomial that fails the Newton test, which leads to a factorization
of &(x) or we have established the irreducibility of @(z). If we assure that the
degrees of the polynomials ¢;(x) are less than or equal to the degree of all
irreducible factors of @(x), we either obtain a factorization of ¢(z) or we establish
the irreducibility of @(z) in finitely many steps [14]:

Theorem 5 Let &y, ...,En be elements of an algebraic closure of a local field K
and assume the following hypotheses hold.

- P(z) = H;V:1(x — &) is a square-free polynomial in Ok|z].
— ¢(x) € K[z].

— Nv(p(&;)) > 2v(discP) for 1 <j < N.

The degree of any irreducible factor of ®(x) is greater than or equal to deg .

Then N = deg ¢ and &(x) is irreducible over K.

While we construct the sequence of polynomials ¢; () we gather information
about the extensions generated by the irreducible factors of @(x). In particular
we will at all times know divisors E; and F; of the ramification index and inertia
degree of these extensions respectively. If we find that not all of these extensions
have the same inertia degree and ramification index, we will have encountered
a polynomial that fails the Hensel or the Newton test. On the other hand if
E, - F; = deg @ we know that @(z) is irreducible.



4 Sebastian Pauli

Definition 6 Let #(z) € Ok[z] be irreducible and let £ be a root of &(x). We
call a pair of polynomials IT(x) € K[z] and I'(z) € K[z] with v(II(§)) = 1/E
and F = [K(F(f)) : K] such that E-F = deg® a two element certificate for the
irreducibility of &(z).

Remark 7 If a two element certificate exists then @(z) is irreducible and an
integral basis of the extension of K(£)/K generated by a root & of &(x) is given
by the elements I'(£)'I1(¢)7 with0<i< F—-land 0<j < E—1.

In the polynomial factorization algorithm we construct a sequence of poly-
nomials (¢¢(x))teny where ¢ € Ok[z] such that

1. v(pi11(8)) > v(pe(§)) for all roots € of &(x),

2. v(p(8)) = v(p:(&)) for all roots € and &' of &(z), and

3. the degree of ¢i(z) is less than or equal to the degree of any irreducible
factor of &(z).

In the following we assume that all polynomials that occur in our construc-
tions pass the Hensel and Newton tests, as we can otherwise derive a factorization
of @(x). For convenience of notation we define:

Definition 8 If v} (o —19) > vj(¢) for polynomials p(z) € K[z] and ¥(x) € K[z]
we write @ > Y. For polynomials x(y) = > i, a;(z)y’ € Klz]ly] and 7(y) =

Yimo bi(x)y' € Klzlly] we write x(y) ~ 7(y) if

minogign U;;(ai — b,) > minogign v;;(ai).

4 The First Iteration

Let &(x) = Zivzo ¢zt and ¢1(z) = x € Ok[z]. Assume the Newton polygon
of @(x) consists of one segment and let —hy/E; be its slope in lowest terms.
Then v(p1(§)) = v(§) = h1/E; for all roots £ of &(z). This implies that the
ramification index of all extension generated by irreducible factors of @(x) is
divisible by E;. Let 3 € K with 8”1 = 7" where 7 is the uniformizing element
of K. We flatten the Newton polygon of &(z) so that it lies on the z-axis:

N

@ (y) == 20) _ > Ny

N
ﬁ =0

Because we can only have v(c;37") = 0 when E; | i, we have

N/E:
j=0
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Replacing y¥' by z yields

N/E;
Ai(z) == Z cj.Elﬁhl(j_N/El)zj.
j=0

The polynomial A, (z) € K|[z] is called the associated polynomial [11,10] or resid-
ual polynomial [7,8] of #(x) with respect to ¢1(x). Assume that A, (z) = p, (2)"
for some irreducible polynomial p € K. Otherwise p1(x)Br /e = 2B gt
would fail the Hensel test and (1) would yield a factorization of &(x). All fields
K(€), where ¢ is a root of @(z), contain an element ¢ /7"t whose minimal
polynomial is a power of p (z) over K[z|; therefore their ramification indices are
divisible by F} := degp, . Let y1 € K be a root of a lift p;(z) € Ok|z] of p,(2). In

h1

the unramified extension K; := K(v;) we have the relation 2% T Since

v(p1(1(§)Fr/a)) > 0 for all roots & of &(x), we get

7Thl

(" (@1@& )) > vl = (P ©) > v(ea(©) = 6)

We set @o(z) = 711 py (¢ (z)Fr /M) and continue the construction of our
sequence of polynomials (¢;);. Obviously degys = EjFy, which divides the
degree of every irreducible factor of @(x).

Remark 9 Because the Newton polygon of @o(z) consists of one segment of
slope —hy/E; with ged(hy, E1) = 1 and its associated polynomial with respect
to @ is p (2) of degree F1, the extensions K(a), where « is a root of ¢a(z), have
inertia degree F and ramification index FE;. Hence ps(x) with degyy = E1Fy
is irreducible.

5 The Second Iteration

Definition 10 Let &(z) € Ok[z] of degree N and ¢(z) € Ok[z] of degree n be
monic polynomials and assume n | N. We call

with deg(a;) < deg(y) the p-expansion of &(z).

We use the ¢y-expansion of @(z) to find the valuations v(p2(§)). Set ng :=
deg 9 and let P(x) = Zﬁvz/(;” a;(z)¢4(z) be the po-expansion of &(z). For each
root £ of @(z) we have
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Hence
m

X26(y) =D ai(€)y' € Oke)ly]

i=0
with m = N/ny = deg(®)/ deg(p2) is a polynomial with root ¢2(£). Assume
that a;(r) = Z;‘ial a; j27. As the valuations

(E1 — 1)y

h’l * Ei—1\ _
( ) - El

vp(p1) = =, ..., v3(e
$(o1) = vl
are distinct (and not in Z) and

Fi—1
1 p1(x)™ o1 ()N Fi-1
P ’; Yis- ey ; 71

mhi mhi

are linearly independent over K, we have

vp(a;) = _min  v(a;;)(hi/E1)j.

0<j<na—1

If the Newton polygon of x2¢(y) consists of more than one segment then
w2 (x) fails the Newton test and we can derive a factorization of @(z). Otherwise
let —ho/eq be the slope of the Newton polygon of x2 ¢(y) in lowest terms. Then
v(p2(€)) = ha/ey for all roots & of ®(x). We set By := ea/ ged(Ey, eq). For all
roots ¢ of @(x) the ramification index of K(¢) is divisible by Ey := E; - EJ.
Because the denominator of E hy/es is a divisor of F; there is

Yo(x) = 7 p1(x)’ = 7 2" € K[z]

with 51 € {0,..., E; — 1} and s, € Z such that v} (y2) = ES ha/es.
We flatten the Newton polygon of x2.¢(y). Let 3 € K with 6E2‘+ = 1po(x) and
consider the polynomial Xg,g (y) :== x2,¢(By)/B™. As only the valuations of the

coefficients of y*Z2 (0 <i <m/EJ) can be zero we get

iBf —m, i-Ey
Vo W) = 3y (7 Ty

=0

= 3, (©a() Ty B € Kyly).

=0

Using the relation > 7M1 . ~;, which is independent of &, we find coefficients
i +
a; € Ky with @; ¥ g} ()1)s, ™/ B, (). We set

~ 3 i—m/E} i
As(z) = Z aiz" o~ Z ai_E;(x) 5 /B (x)z
i=0 i=0
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and obtain the associated polynomial Ay(z) € Ki[z] of @(x) with respect to
pa(z).

If A,(y) splits into two or more co-prime factors over K; = K(~1), we can
derive a factorization of @(x): Since deg 9 (x) is less than the degree of any irre-
ducible factor of @(z) we have ged(2(z), (x)) = 1 and the extended Euclidean
algorithm yields 5 ' (z) € Ok, [x] such that ¥y (x) - ¥y ' (z) =1 mod &(z). The

+
polynomial <p2E2 (z) - 95 ' (z) fails the Hensel test.

Otherwise A,(z) = p,(2)™ for some irreducible polynomial p,(2) € K,[z].
We set Ky := K(72) where 7 is a root of a lift pa(2) € Ok, [2] of p,(2) € K;[2],
let Fy := deg pa, and obtain ¢y (x)E2+ 3 Yotba ().

Next we construct p3(z) € Ok[z] with v} (ps) > vs(p2) and deg 3 = E2Fb.
The coefficients of p2(z) € Ok, can be written as polynomials in ~; 3 P gl
say

Ff p—1

p2(z) = Z Z Ti,ﬂ{Zi

i=0 j=0

where 7; ; € Ok. We are looking for

" (pg(m)E; Ff p—1 oA J L -
i o () < B B o () o

with degws = FoFy = E;F;ElFl. We have v} (pl(xEl/whl)) > 0. If we write
p1(z) = 21 + pi(2) with deg(p}) < Fy this implies

o~ (G ).

& !
It follows that we can find a polynomial R; ;(x) with deg R; ; < E1Fi such that

xE

i Ei\7
B =i r N
Rij(@) 5 i <7rh> Po(x)2 T =y (ﬂ) (romz=1)FE 7
Thus the polynomial
N Ff-1p 1 X
+ .
p3(r) = pa(@)® 2+ 7 N7 R () pa(a)'

i=0 ;=0

has the desired properties v} (¢3) > v (p2) and deg s = EoFb.

Remark 11 ¢3(z) € Ok|[z] is irreducible.
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6 Data and Relations

In the algorithm we continue the construction of the sequence of polynomials
(ip¢)¢ from the previous two sections. In the following steps the computation of
¥ (x), the valuation of the coefficients a;(x) of the ¢;-expansion of &(x), the
coefficients of the associated polynomial, and ¢;11 becomes more involved and
relies on the data computed in the previous iteration. We initially set

Ko =K, ¢1:=2, Eg:=1, Fy:=1

and compute the following data in every iteration:

ot(z) € O[] with v} (¢r) > v5(pi—1) and n, = deg(py) = E_1F_q;
an approximation to an irreducible factor of @(x)
he/er = v (1) with ged(hy, e) =1
Et+ - e the increase of the maximum known ramification index
ged(Ey—1,e)

E, = Et+ By the maximum known ramification index

Pi(x) = w57 [['Z] 57 with s, € Zand 0 < s; < E;" such that vz (¢;) = v}(gof:r)

(3

A (y) € Ki_1[v] the associated polynomial of @(x) with respect to ¢ ()
P, (y) € Ky [yl irreducible with p(y) = A,(y)

v € Ky such that gptE:r ¥ Yy

Ki = Keo1 (1) the maximum known unramified subfield

FF = [Kg s Kiq] the increase of the maximum known inertia degree
F,=F"F_, the maximum known inertia degree

7 The wu-th iteration

Assume we have computed the data and relations given above for ¢ up to u — 1
and that ¢, (z) of degree n, = E,F, is the best approximation to an irre-
ducible factor of @(x) found so far. We compute the ¢,-expansion &(z) =

SV ay (@) pu (@) of @(x) and set x,(y) = SV ai(x)y.

Definition 12 Let a(x) € Ok[z] with dega < F;_1F;_1. We call

NE—
B F, -1 EfFf—1 E Py -1
_ Jt—1 o J2 Ji .. .
a(r) = § o1 (2) § ©y’ () § L Qg g1y
Jjt—1=0 Jj2=0 j1=0

where a;, €Ok (04, <E;,0<1i<t),the (p1,...,p:—1)-expansion of

a(x).

cenJt—1
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From the (@1, . .., py—1)-expansion of a;(x) we obtain the valuations of a;(&)
and see that they are independent of the choice of the root & of &(x). Since, by
construction, the values

* * Eq— * * Ef -1 * % EJr —1
v@((pl)W"ﬂqu((pll 1)7045(902)7’"7”43(9022 )71}45(903)7 """ ﬂvdi((pu—l )

are distinct (and not in Z) and for 0 < ¢ < u — 1 the elements

Lot gy @@ @), ol T o ()P )

are linearly independent over K;—y = K(v1,...,%—1) we have (see [7, Lemma
4.21]):

Lemma 13 Let a(z) € Ok|z] with dega < Ey_1F;_1 and let aj, . j, ,, with
0 < ji < EfF;" — 1, be the coefficients of the (p1,. .., pi—1)-expansion of a(x).

Then

vpla) = min vz (pf oy (2) 03 (@) -2 - ag )
1<j;<B;}

If the Newton polygon of x(y) consists of one segment, say of slope —h,,/e,,, with
ged(hy, ey) = 1, then ¢4 (z) passes the Newton test. We set E;f := AT
and construct

u—1
Yu(x) =7 [ wele)™
t=1

with s, € Z and 0 < s, < E;" (1 <t < u) such that v}(¢,) = Efhy/e, using
the following algorithm. For ¢ € Q we denote by den(q) the denominator of ¢ in
lowest terms.

Algorithm 14 (Psi)
Input:  vi(p;) and Ef for 0 <i <t, E = Ef --- E;", v € Q with E|den(v).
Output: s, € Z, 0 < s; < B (1 <i <t) such that v (7575 - - - 5*) = v.

—d—FE it

— for ¢ from ¢ to 1 by —1:
e d—d/Ef, v —v-d, e—vs(pi)-d
e Find s; such that e-s; = v mod den(d - €)
D

— Sp v

return Sn,S1,..., St
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Next we determine the associated polynomial A4, (y) of @&(x) with respect to
(). Because we have representations of a;(z) (0 < i < N/n;) and ¢, (z) by

power products of 7, ¢1,...,p,_1 we can use the relations c,ot(gc)Et+ > Vet ()
to find the coefficients a; € K,_1 such that a; ¥ Ymd (x)qpu(x)i—m/EI_ We get

the associated polynomial

where m = N/n,. Assume that 4,(z) = p (z)" for some irreducible polynomial
p,(2) € K,_1(2). Otherwise we can find ¥(z) € Klz] with J(z) ¥ Pu(@) B iy ()
that fails the Hensel test, which yields a factorization of &(z). Let p,(2) € Ky—_1
be a lift of p (), and set F," := deg py.

Finally we construct ¢, 1(x) € Ok[z] of degree E,F,, = EXFtE, 1F, 4
such that

Ff
iET + Ef
Pt (@) = 3 i(@)ul@) P = Yu(@) pulll (@) fbu(@)), ()
i=0
where the 9;(z) are sums of power products of 7, ¢1,...,pu—1. Fort =u—1,u—
2,...,0 we recursively apply

B
i (%)) -0

to reduce the maximum exponent of ¢;(z) to E;" F;" — 1, such that the de-
gree of the ¢;(x) term is at most deg(@t(ac)E;rF;rfl) = (By_1Fy 1) (B FF —1).
Thus we can find a ¢, 4+1(x) that fulfills the degree condition deg ¢, +1 = EyFy.
Furthermore

+ z)Ed +
@wwgwg@&m<ﬁ&;>>>@@&)wa%)

As a preparation for the next iteration we set K, := K, _1(7,) with 7, a root of
pu(2) and obtain the relation = (x) > Yulhu ().

Remark 15 ¢,11(x) € Ok|z] is irreducible.

8 The Algorithm

We summarize the steps for the construction of the sequence (¢:(x)); in an
algorithm. Although we use the unramified extensions K;/K above and in the
algorithm, in practice the ; are represented as elements in the residue class field
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K,. Furthermore, many of the manipulations in the algorithm can be conducted
on the representations of 1;(x) as power products of m, p1(x),...,p:—1(x) and
of a;(x) as sums of power products of 7, p1(z),...,vi—1(x) thus reducing these
operations to operations of vectors of integers.

Algorithm 16 (Polynomial Factorization)
Input:  a monic, separable, squarefree polynomial @(z) over a local field K.
Output: a proper factorization of @(z) if one exists,
a two-element certificate for @(x) otherwise.

(1) Initialize t — 1, p1(x) — 2z, Eg =1, Fy =1, Ko = K.
(2) Repeat:
(a) Find the ¢, expansion @(z) = 3N 45% g, (x)p(z)t of B(x).
) Find v}(a;) for 0 < i < N/deg ;.
(c) If p¢(x) fails the Newton test: return a proper factorization of @(x).
) hefer — vp(p) with ged(hy,e0) = 1; B WQ By — Ef B 1.
) Construct vy (x) = 7= [i_} @i(2)* with vj(shr) = Efvj(e1), s« € N,
0<s; <Ef (1<i<t—1),degty < E;F;.
(f) Compute the associate polynomial A,(z).
(g) Find a factorization of A,(z) € K¢(2).
(h) If A,(2) has two co-prime factors: return a proper factorization of &(z).
) F;" « degp where p,(2)" = Ay(2), p,(2) € K,_4[2] irreducible; F}y «
Fi - Fio, Ky = K[z]/(pe(2)).
(j) If E F; = deg ®: return a two-element certificate for @(x).
(k) Findpr1(2) ~ pr (0 (@) B /apu(2)48)) of degree ny1 = EyF, in Okla].

(1) t—t+1.

Certificates for Irreducibility

If &(x) is irreducible we will have E;F; = N for some t. We obtain the two
element certificate (Definition 6) for the irreducibility of &(z) as follows. A poly-
nomial II(z) € Kz] with v3(II) = 1/E; can be found using Algorithm 14. If
F, = 1 we can choose I'(x) = z. If F;, # 1, let i be maximal with F;" # 0. We
find I'(«) € K[z] with I'(z) ~ 0i () B /by (a).

9 Complexity

We restrict our analysis of the complexity of the algorithm to the main loop. The
first complexity estimate for the Montes algorithm, restricted to irreducibility
testing, was given by Veres [17] and improved by Ford and Veres [5]. The com-
plexity estimate for determining the irreducibility of a polynomial &(z) € Z,[z]
of degree N using this algorithms is O(N3T¢v(disc @) + N2Tv(disc #)*+¢). The
running time of the Round Four algorithm is analyzed in [14], but without taking
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into account the precision loss in the computation of greatest common divisors.
Both estimates rely on Theorem 5 to bound the number of iterations and the
required precision and only differ slightly in the exponent of the discriminant of
d(x).

Lemma 17 Let &(z) € Ok[x] be of degree N and let p(x) € Ok[z] be monic of
degree n. Then the p-expansion of ®(x) can be computed in O(N?) operations
m OK.

Proof. In order to determine the g-expansion ¢(z) = Zi\[:/ln a;(z)p(z)" we first

compute qo(z), ap(z) € Ok|x] with &(z) = ¢(x)qo(x) + ap(z), which can be done
in O((N — n)n) operations in Ok[z]. Next we determine (), a1(z) € Oklz]
with qo(z) = ¢(z)q1(x) + a1(x) (O((N — 2n)n) operations in Ok[z]), and so on.
Therefore the ¢-expansion of @(x) can be computed in

N/n
O((N—n)n)+O((N—-2n)n)+---+0((2n)n) =0 | n N72 —nY i|l|=0(N?
=0

operations in Ok.

The computation of the (¢1,...,¢t—1)-expansion of a polynomial a(z) €
Ok|[x] of degree m < degy; — 1 consists of the recursive computation of ¢;_1,
©r—2, --., @2, and pi-expansions. Let n; = degy; (1 < i < ¢). The @3-
expansion of a(z) yields up to m/n;—; polynomials of degree less than n;. The
¢—o-expansions of these polynomials yield up to m/ni_1 -ni_1/ng_o = m/n;_o
of degree less than n;_5. Thus the (p1,. .., p:—1)-expansion of a(z) can be com-
puted in

O (m?) +0 (2n2) +0 (Znd )+ + 0 (Zn3) + O(m)

ne—1

operations in Ok. Because n;1/n; > 2 this is less than

2

O (m2) +0 (’%) L...10 (;%) +0(m)=0 (mz s Logz m] 24) = 0(m?).

Lemma 18 The (go,...,pi—1)-ezpansion of a(z) € Ok|z] with m = dega <
deg ¢y — 1 can be computed in O(m?) operations in Ok.

By Theorem 5 the polynomial @(x) is irreducible, if Nv}(y;) > 2v(disc @) for
some ¢ € N. In every iteration the increase from v}(¢:) to v5(@i+1) is at least
2/N, unless E = N, but that would imply irreducibility. Thus the algorithm
terminates after at most v(disc @) iterations.

In our analysis of the cost of the steps in the main loop we exclude the cost of
finding a proper factorization to a desired precision using the methods of section
2 in steps (c) and (h). We assume that two polynomials of degree up to n can be
multiplied in O(nlognloglogn) = O(n'*¢) operations in their coefficient ring
[15].
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(a,b,c,d) By Lemma 18 the ¢;-expansion

N/ng—1

o) = i)V + Y ail@)p(a)
1=0

of &(z) and the (¢1,...,p:)-expansion of the a;(z) can be computed in
O(N?) operations in Ok.

(e) The exponents s, S1,...,8—1 in P(z) = 7 p1(x)% - @1 (z)%-1 with
vy (¢) = hi/er can be computed with Algorithm 14. The most expensive
computation is the extended Euclidean construction, which for integers less
than N runs in time O((log N)?), at most log, N times.

(f) We have a representation of a;(x)i;(z)*~(N/") (1 <i < N/n;) as n; sums
of power products of 7, ¢1(x),...,pi—1(x). In this representation only the
exponents of p;(z) where E;f F;t # 1 are non-zero. There are at most logy N
such indices i. Let m; be the number of i < t with E;" F;" # 1. Reducing
the coefficients of the associated polynomial in this representation using the
relations ;(2)E7 /4 (x) >N (1 < i < my) takes at most N> "' i =

O(N(log N)?) integer additions and N(t — 1) = O(N log N') multiplications
in the finite field K, with ¢f" elements.

(g,h) The factorization of a polynomial of degree at most N/F over a finite field
with at most ¢ elements can be done in O((N/F)?log¢®) bit operations
6].

6)] '[T]he cost of finding the exponents for the representation of II(z) € K[z] with
v5(II) = 1/E as a power product of m,¢1(x),...,pi(x) is the same as the
cost of finding ¢ (x) in step (f). The polynomial I'(x) can be computed in
the same way as the coefficients 9;(x) in step ().

(k) The polynomial ;11 (z) is constructed as a polynomial in ¢, (:U)Et+ of de-
gree F;" with coefficients 9;(x), 0 < i < F,", (see (2)), obtained from the
representations of the elements v, as ¢, (z)% /1, (z) and

03 (pu(pu (@)™ /() >0

for 1 < u < t—1. This is done by manipulating the exponents in the represen-
tation of the polynomials as sums of power products of 7, @1 (z),. .., v (x).
The computation of cpt(x)Et+ takes logy F; multiplications of polynomials of
degree up to E;"E;_1F;_t < N. For 2 < j < F;" the polynomial (got(x)E:r)J
can be computed in F;" multiplications of polynomials of degree up to
E,F; < N. For 1 <t — 2 the exponent of ¢;(x) in the representation of
Yi(z) as a power product of ¢1(z),...,¢;—1(x) is less than E;"F;". This
gives less than log N multiplications of polynomials of degree less than N.
As in (e) the exponents of at most log N of the ¢;(z) are nonzero. Therefore
in total this step can be conducted in O(N?T¢) operations in Ok|[z].

By Theorem 5 the maximum of the valuations v(v}(€)), where £ is a root of
&(x), is less than 2(v(disc ®)) /N. This is also the maximal (absolute) slope of the
Newton polygon of the polynomials under consideration. Therefore a precision
of 2v(disc @) is sufficient for all operations in the main loop.
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Theorem 1. Let p be a fized prime. We can find a breaking element or a two
element certificate for the irreducibility of a polynomial &(z) € Zy[x] in at most
O(N?**ey(disc @)%¢) operations of integers less than p.

10 Example

We show that @(z) = 232 + 16 € Za[z] is irreducible using Algorithm 16.
Initially we set p1(z) =z, Eg =1, Fy = 1, Kg = Qs.

(a) The p;-expansion of &(z) is P(x) = Z?io a;(z)po(x)’ = 232 + 16.

(b) The valuations of the coefficients are v} (ag) = 4, v} (a;) = oo for 1 <4 < 31,
and v} (asz) = 0.

(c,d) ¢1(z) passes the Newton test; we get vi(¢1) = ’;—i =3 =3
and F1 = 8. .

(e) We set ¢1(z) =2 as U;Q((pfl ) = vy (a®) = 1.

(f,) Al(z2g =24+ 1 with 4,(2) = (z — 1)* in Fa[z].

(h,i) f;l((zz)) passes the Hensel test; we get F;' =1, K; = Qq, Fy = 1.

(k) We obtain the next approximation of an irreducible factor of ¢(x):

<p2(x):2(x28—1>:x8—2.

Second iteration:
(a) The po-expansion of &(x) is
D(z) = po(x) 4 8pa () + 24¢o(x)? + 320 (z) + 32.

(b) The valuations of the coefficients are v3(32) = 5, v5(24) = 3, v3(8) = 3,
and vj5(1) = 0.

(c,d) @a(z) passes the Newton test; we get Z—;’ = %, so Bf =1, By, =8.

(e) We set ¢a(x) = %, so that vj(1h2) = 2.

(f,g) The associated polynomial with respect to @o(x) is Ag(2) = 2* +1 =
(z — 1)* € Fy[2].

(h,i) i;g; passes the Hensel test, we get Fyf =1, Ky = Qq, Fy = 1.

(1) We set

p3(x) = Ya(z) (zzg; - 1) =% — 222 — 2.

Third iteration:
(a) The ps-expansion of &(x) is
D(z) = ps(2)" + az(2)ps(2)® + az(2)ps(2)® + a1 (2)ps (@) + ao(z)

where az(z) = 822 + 8, az(z) = 242t + 4822 + 24, a;(z) = 3225 + 962 +
9622 + 48, ap(z) = 642° + 962* + 9622 + 64.
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(b) The valuations of the coefficients are v}(ag) = &', vj(a1) = 4, vj(az) = 3,
vy (as) =3, and v} (1) = 0.
(c,d) @3(z) passes the Newton test; we get v} (ps3) = h—3 =2l Ef =2 F3=16.
(e) We find v3(x) = 2225; so that v} (¢y3) = v¢(<p3 ) =2
(f,g) The associated polynomlal with respect to p3(z) is Ay(z) = 22 +3 =
(z — 1) € Falz].
(h,i) 7 %( ; passes the Hensel test; we get Ff =1, K3 =Qq, F3=1.
1) We set

ou(x) = 216 — 4210 — 428 — 425 + 42* + 827 + 4.
Fourth iteration:

(a) Let &(z) = pa(x)* + ar(x)pa(z) + ao(x)
(b) We have vqs(ao) = 85/16 and v} (a1) = 3.
(c,d) @a(x) passes the Newton test; we get < h4 = gg, Ef =2, E, = 32.

(g) Now E,F, = 32 = deg @ which implies the irreducibility of &(z) = 32 + 16.

be the @4-expansion of @(z).
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