A S

PRELIMINARIES ,  NoTATION

s=G"+it ISl =\/o 2+ £=
Rel(s) =6", Jdnis) =t i
/O (s) = @n(s)

=, T
f”/('x) =P§;‘1 =\{P: Psax}(
(x) = (
)IJ ) P?;_x ,og F) ]
Bernoull; aumbers é-’-‘-%r = Z_.gi}n ol
nzo
8= B'-:-Q"B‘:E— ’B;-:-éia >B4=£3. >
- =, ... 3"‘85‘-‘-'3,-‘-' =0




71650 M endoli

1734 Edler

1792-93 Gavss (15-16 years old)
| 748 /_cgeno(re,

1837 Dirichlet

1845 Bm‘l‘:r‘ana(

1849 Gavss

1848 1850 Chebychev YepblWED
7,

18522
1859  Kieman’ (1826 - 186¢€)

 HisToRY _AETER 1837
1876 \/\/e\‘.ers"?aSS |

18%  de h Vallde - Roussin | Hadamard

1903 Grum

1914 Backlond

1925 [~fslchinson
1914 Ha.r-d} — L.‘I‘f/eu/aoa!> Eamang'ar)

1932 S:'e.fe./
1942  Sellers (Fields Medal 19€0) /f{@ﬁ}}w
1974 Levinsdn Bowmbieri (Frelds Medal
1478‘1 C anvre 1978 De\.‘gne (F\‘elals MC&&;‘_I
1985 Voronin




LEONHARD EBULER 1707 - 1783




Bit, b S(e7)
N2 (o). f i
3_ [2 g) = ( J ( ig’i. Euleds c::nﬁ%iku‘t:.‘ow
]
2(24)! || Ble) e
St = EVBret 1zp ! %

S e




s il N

P 5
i bf
{

| : . £ F Ll
EMZM&?‘ e:-%?‘ &£z c/ er %e—c-t- 1‘1-"6 . ’ ] :’

Vor allom stlalle ek "_,/%ﬁem /L"r dee par enfliihc Pl er_

.an; J&-f Mfﬁuf/{! ven /X 52 miecrsen ~i‘¢-f'[&r; J/,'%JA;,

B 7 ﬂ%rer .ﬁ&)n e/c{uﬂjeu acbes e
f%efumz-a(m ’ﬁt‘mféwf(&w 4;’/ mexs 1n mehr atls €cver ﬁm,gﬁy
.-,'n/f(»;rojan/f ?64064617. d'/w’r{«/{w metr mewme J\'jﬂ-@w ﬁ&.‘da/ﬁ?uy'jw

it domsellon Gegensfonide 0 Srinmeruny gobraihl, desen ene Hrfnse
v-}eo;ad&[rm//t;s?z Z)//,,_L(“” :M/wﬂr /772,01&( 793, P 4 'mw
dee Load -«_rfwﬁw ‘/“77’_{""‘ el A &-%m‘/ém (w/z/e»du @7@;:44«,/%/ Sl
S avar woh ohe oA :;;M/uf-.m CZ(w/mw[u?w Ay Ao A cn ,/4;%7]#

i JQ/WMC ines ameinec elin faah%, memc J%/rnwliam{w/
a,a%a(t‘cz aéncﬁfmamaft ﬁ;ﬂj een dey /;r"muﬂ(«,

M -ﬂ;é/u / }a awco/r:n {Z‘)%
b Aicselben o den ecyyelnen Chilindon ob2ahthe ) 1at Lic [Les ubfats aef

u;maér u;ct(éf//b/v- A euss en ﬂd&r&f v&sa‘cﬂucﬁ. .9«4{ h%’nm/féa- M
M! wndor  allew Jf/‘n’u’ffuu?tn Actse '5‘;'7141«9 D ks homihlok nake
Aem 5 m en "JM‘/‘W\(D&‘J{ Jei y Jo (71 _f‘,‘ﬁ‘ /u, bl alfe,
/’m&; ' Looe er JL550 Enln enje n mahe drd a(,a;ﬂ}-//?»rw(
dn '
am?éDf{;fft‘ awerde | asene  oles Aﬂv«t}{e’ﬂ‘ﬂfiu Zz?a'w/é-. mery'f;o;})cuweﬁe_
jn. artuc‘u Qw;a/tf e ofia tn ')/7«1 T ('\H’N /7?6)4“& WJW{L
/(431?1 bos hooo3) ﬁvéaWP avwnle | bl ack wngat A b e wctﬁ
tsh 32?-2 )‘“65 %fﬁaﬁmff ﬂc-;’f;@f«??_ Lot ¢ ?’:em/e/ i Kle et

/811 Jia Qrvoﬂu}u.? oo (fernacs crilrim , tonel Mc/da ik
v I osr N L ns.Sid ” A ol t Ho-

gt\ein;fy < M‘n’[t

I?"\ s



TARLE T

X 77 (x) Li(x) Li)-Tlx)
500,000 41,538 41,606 68
1,000,000 78,498 78 628 730
1,500,000 14,155 114,243 Jjo8
2,000 000 148 , 923 149,055 122
2,500,000 183,072 183, 245 173
3,000,000 216 ,8% 216,971 155
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1.1 The Historical Context of the Paper 5

Fig. 1. A scrap sheet used to hold some other loose sheets in Riemann’s papers. The
note seems to prove that Riemann was aware of Chebyshev’s work and intended to send him
an offprint of his own paper. In all likelihood Riemann was practicing his penmanship in
forming Roman, rather than German, letters to write a dedication to Chebyshev. (Re-
produced with the permission of the Niedersichsische Staats- und Universititsbibliothek,
Handschriftenabteilung, Gottingen.)
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\With G"?“l““ Srinivasan

irregular behaviour vanishes as soon as one moves a small distance off the real axis, a property
of the function that does not appear to have been observed in the literature. The purpose of
this short note is to prove the following:

Theorem 1.1. Let s = ¢ + it, with |[t| > 5/4. Then |I'(s)] is strictly monotone increasing
with respect to o.

We remark that the lower bound 5/4 given in Theorem 1.1 is close to but not the best
possible. Using MAPLE, it seems that the best lower bound is approximately given by [t| >
1.04794998, and in Section 3 it is shown that monotonicity fails for |t| = 1. We also remark
that the same property does not seem to hold for the digamma function ¥(s), in particular
for o sufficiently large negative | ¥ (o + it)| oscillates with respect to o, no matter how large |¢|
is taken. A recent paper of Alzer [2] deals with a monotonicity property for the Hurwitz zeta
function, and an earlier paper [1] with monotonicity of the gamma function, in both cases
along the real axis.

In the following section we prove an elementary lemma that enables one to detect mono-
tonicity of the modulus of any holomorphic function f. We also state a few results from the
theory of the gamma function that we need for the proof of Theorem 1.1 given in Section 3.

Figure 1 below gives a beautiful illustration of Theorem 1.1, showing the poles at s =
0, —1,—2, —3, —4 along the real axis, and how the modulus becomes monotone increasing as ||
becomes somewhat larger than 1 (e.g. the bottom curve in the figure represents |I'(o —2.5-1)).
It is taken from the book of Jahnke and Emde [9], written well before the age of computer
graphics.
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Figure 1: The Modulus of the Gamma Function
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The Riemann zeta function is an extremely important speciai fanctios of mathematics and physics that arises in definite
integration and is intimately related with very deep results surrounding the srims aumine: in zerern. While many of the
properties of this function have been investigated, there remain important fundamental conjectures (most notably the
Szmann ypothes:s) that remain unproved to this day. The Riemann zeta function ¢ {y1is defined over the complex
plane for one complex variable, which is conventionally denoted ¢ (instead of the usual 2} in deference to the notation
used by Riemann in his 1859 paper that founded the study of this function (Riemann 1859). It is implemented in
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The plot above shows the "ridges" of iladvipfforQeyciandl <y« X2 The fact that the ridges appear to

W

decrease monotonically for f « y « § {2 is not a coincidence since it turns out that monotonic decrease implies the
Niznana hypothesis (Zvengrowski and Saidak 2003: Borwein and Bailey 2003, pp. 95-96).

On the reai ine with x > 1, the Riemann zeta function can be defined by the integral
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where [ (x}is the garma uncion, If x is an inigger g, then we have the identity
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ON THE MODULUS OF THE RIEMANN ZETA FUNCTION IN THE CRITICAL STRIP
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FIGURE 2. |{(0 +it)| for ¢ = , and 0 < ¢ < 100.
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FIGURE 1. |((o +ity)! for £, = 17, 24.5 and 25.011; with 0 < o < 1.

Note. The vertical scale varies for the graphs in Figure 1, and we also remark
that the graphs in Figure 1, if plotted for a larger range of ¢, are essentiaily no
more complicated than in the range 0 < o <1 deplcted (of course, we always
have |¢(o +it,)| = 1, as 0 = o).
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Where are the Zeros of Zeta of s7

Tom Apostol (a little editing by P. Zvengrowski)

Where are the zeros of ((s)?
George Bernhard Riemann has made a good guess.

“They’re all on the critical line,” saith he,

1
“with density Rec
2mlogt

Now this statement by Riemann has set off a trigger,
and many a good man with vim and with vigour,
Has tried to find with mathematical rigour,

What happens to ( as |t| gets bigger.

The names Hardy and Landau, Titschmarsh and Cramér,
Littlewood and Ramanujan are there,

But in spite of their skill and with all their finesse,

For finding the zeros there’s been little success.

In 1914 G. H. Hardy did find,

An infinite number that lie on the line,

Too bad that his theorem won’t rule out the case,
There might be some zeros in some other place!

So - where are the zeros of ((s)?

We must know exactly, we cannot just guess.

if we wish to refine the prime number theorem,
the path of integration must not get too near’em.
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